A statistical theory is presented for the ordering dynamics of a system with a complex order parameter quenched below the critical temperature. On the basis of a picture that string·like defects are formed in the early stage of the ordering process, the disappearing process of the defects is studied. We obtain the time evolution of the defect density and its two-point correlation function, which exhibits a scaling behavior, if the strings are initially convoluted and percolated. We also calculate the correlation function of the gradient of phase of the order parameter corresponding to the superfiuid velocity in 'He. The characteristic length in this system is found to behave as t1/ 2
The dynamics of ordering process of a system suddenly brought into an ordered phase from a disordered phase is a recent problem of considerable interest_I),2) It is generally recognized that the temporal evolution exhibits a scaling behavior, which is universal in a wide variety of quenched systems. The ordering dynamics will depend on the spacial dimensionality, the symmetry of the order parameter (the number of component N and the presence or absence of anisotropies, etc_), whether or not the order parameter is conserved and so on, similar to dynamic critical phenomena_
The universality of the scaling behavior has been observed in systems with scalar order parameters; for example, metal alloys3) and binaryfiuids 4 ) as conserved order parameter cases, and order-disorder type alloys5) and twisted nematics in a thin ce1l 6 ) as nonconserved cases. Numerical simulations of kinetic Ising models 7 ) have been performed, the results of which agree well with the experiments. The nonconserved case is well understood also theoretically by treating the dynamics of random interfaces between two stable phases,8),9) while, with respect to the conserved case, there are various growth mechanisms depending on the time stage and the volume fraction, so that an integrated theory is not presented so far.
Besides above-mentioned systems, many systems with other symmetries yet remain to be unexplored. . We wish to understand the scaling behavior of the ordering dynamics of quenched systems in a unified framework. For this purpose, timedependent Ginzburg-Landau (TDGL) model seems to be appropriate as a basic model. for the nonconserved case. Both suggest that the structure function separates into two parts; one is associated with the growth of a N ambu-Goldstone mode, which exhibits asymptotically 1/q2 behavior for ql(t)~1. The other part reflects the" domain growth of the new phase and exhibits a scaling behavior: S(q, t)= l(t) 3 F(ql(t) ). The scaling function is approximately written as F(x)~exp( -x 2 ). These results would be successful in understanding the characteristic of many-component systems. However, it is not clear that these are also valid for small-N cases which are realistic in condensed matter. This question arises from an idea that the defects will play a crucial role in the ordering dynamics of these systems.
Consequently, we will focus our attention in this paper on a nonconserved N =2 system in three dimensions such as superfluid 4He, planar ferro magnets and so on. Our scenario is as follows. In this system, after quenched below Te, the amplitude of the order parameter will be first growing locally, whereas the phase remains to be randomly distributed. This process corresponds to the formation of random strings of quantized vortex. In the successive late stage, the strings disappear, which causes the ordering of the phase. Since the order become macroscopic through the latter stage, we concentrate on this stage in this paper.
In the next section, we review the reduction of the TDGL equation to the equation of the string defects. This was first derived by KawasakF 2 ) and OnukF 3 ) independently. Next, employing the localized-induction approximation/ 4 ) we simplify the long-range interaction between the string elements to a tractable form.-In § 3, we present a statistical theory of the string defects by using extensively the fictitious field method. 8 ) We calculate the density and the correlation function of the strings. We calculate also the correlation of the gradient of phase of the order parameter corresponding to superfiuid velocity in 4He. The final section is devoted to conclusion and discussion. § 2. Equation of string defects We start with the TDGL equation for a complex order parameter ¢(r) without a random force,
where To is a kinetic coefficient and all constants in F{¢} are set to be positive so that the system is in T < Te. The random force is not important for a deeply quenchedcase considered here. If the local force yielded from the second and third terms in Eq. (2' 2) is larger than the elastic force (the first term), the ordering process is divided into two stages as mentioned in § 1. In a microscopic time after quenching, the amplitude of the order parameter approaches the equilibrium value l[feq and convoluted string defects form. For a stage that the defects have already formed, the free energy is written by the configuration of the strings {r(s)}:
.
where s is the arclength on the strings and r(s)'=dr(s)/ds. The cc is the core energy per unit length, which is estimated as
where ~ is the radius of the core. The free energy (2·3) is equivalent to the energy of the magnetic field yielded from a string-like electric current. The force acting on a string element res) is given by the derivative of F with use of a new kinetic coefficient rs:
where t(s) and n(s) are the tangential and normal unit vectors respectively, and K(s)
is the curvature. Though the quantities in Eqs. (2·5) and (2·6) depend on sand t, and s itself depends on t, we omit t for convenience. These quantities are defined by the Frenet-Serret formula:
where s is set as Idr(s)/dsl=:,l. The field vCr) corresponding to the gradient of phase of the order parameter is analogous to the magnetic field in a line current system. Making use of the localized-induction approximation/ 4 ) we simplify the interaction between string elements given by the second term in Eq. (2·5). Since the strings are randomly distributed, the effect of the surrounding strings is expected to be canceled out in an average, so that the major effect is yielded from the neighboring elements on the same string. Let us
t(S)
consider a curved filament of a string centered at res) (Fig. 1) . When res') is on the same filament, the factors in the 
where r is a new coefficient proportional to r sc7[f;Q. Using Eqs. (2·7) and (2·8) for
Eq. (2·10), we obtain
This result means that the string is driven effectively only by the tension. § 3. Statistical theory of string dynamics
Representation of the strings by fictitious fields
In this section, we treat the dynamics of the string defects assuming that the strings have initially a random and convoluted configuration. Introducing two fictitious scalar fields u(r, t) and vCr, t), we identify the strings with the crossing lines of the nodes of these two fields, i.e., the lines satisfying u(r, t)=O and vCr, t)=O (Fig.  2) . .
Let us determine the equations of motion of u(r, t) and vCr, t) so that the motion The other field vCr, t) also obeys the same equation. Thus the dynamics of strings with a random initial configuration is described by the two fictitious diffusion·type fields. Note, however, that the crossing lines of the nodes do not always satisfy Eq. (2'11) of the defect. The resulting equation (3'10) is only valid in a stochastic sense because of the approximation (3'6).
We assume the probability distribution of the two random fields is Gaussian with mean values <u(r, t»=<v(r, t»= U. Then the distribution is characterized by U and the two-point correlation function C(lr-r'l, t)=<ou(r, t)ou(r', t», where ou(r, t)=u(r, t)-U. Initially the strings are infinitely convoluted, so that we can put C(lr-r'l, O)=o(r-r'). Thus we find from the diffusion equation (3·10)

C(r, t)=[2nl(t)2]-3/2e-r2/2l(t)2 ,
where 1(t)=[(4/3)rt]1!2 denotes the correlation length.
The density and the correlation function of the string defects
The density of the strings L(t) and the correlation function S(r, t) are given by
L(t)= f ds<o(r-r(s))>=<J1(r, t» , (3 ·12)
S(lr-r'l, t)= f ds f ds'<o(r-r(s))o(r' -r(s'))>-L(t)2 =<J1(r, t)J1(r', t»-<J1(r, t»2 ,
where
J1=/17 u x J7 vlo(u(r, t))o(v(r, t)) . (3·14)
Assuming that the angle between the surfaces u(r, t)=O and vCr, t)=O is distributed uniformly in a interval [0, 27r), we have 2 The case U=O represents such a situation that, in the initial configuration, large strings are percolating in the system size, while the case U *0 indicates that the strings are initially broken into piecemeal rings. As shown schematically in Fig. 3 , a connected string shrinks more slowly than separated ones with a similar length. Typically a string percolating from a side of the boundary to another side shrinks to be asymptotically a straight line, while a ring-type string vanishes in a finite time as (Lo-t)1/2 where Lo is the initial length. Thus, the initial connectivity of strings reflects on the exponential factor of L(t). Such a behavior has already been found in the -dynamics of random interfaces numerically and theoretically.15),16) On the analogy of the random interfaces, the case U =0 will appear in the string system, if it is quenched simply from the disordered state.
<J1(r, t»=-<IJ7 u(r, t)lo(u(r, t))>2 .
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N ow, we calculate the correlation function of the strings. By the same assumption used to derive Eq. (3'15) from Eq. (3'14) and a relation <J7u u>=O, we obtain where
S(lr-r'l, t)=[!h(lr-r'l, t)/(lr-r'I, t)r _L(t)2,
/(ir-r'l, t)=<o(u(r, t»o(u(r', t»> , h(lr-r'l, t)=<IJ7 u(r, t)llJ7 u(r', t)I>.
(3·18)
The Gaussian average of /(r, t) and h(r, t) is calculated in the Appendix. If and only if U =0, the correlation function has a scaling form:
S(r, t)=I(t)-4S(r/l(t».
(3'21)
The scaling function S (x) is too complicated to write down here. For large distance r-:?>l(t), however, we can get an asymptotic form
We note here that the power-law behavior of the characteristic length l(t) and the string length L(t) can be derived from an argument of dimensional analysis. 
which leads to <K2>~LCt)~t-1. Note that the reciprocal of the average of the curvature represents the characteristic length let). This result agrees with the U =0 case of the fictitious field theory discussed above.
The correlation function of the gradient of phase of the order parameter
The correlation function of the phase gradient of the order parameter is given by
This quantity I(r, t) corresponds to the correlation function of the superfiuid velocity in 4He system, so that it is. more interesting than the orientational correlation of the order parameter itself; 1Jr;;Q< e i 'P( r ,t)ei'P( r' ,t}>. Since the gradient field is given by (2·6),
we can write
I(!r-r'! t)= (ds (ds' /[t(s)x(r-r(s))].[t(s')x(r'-r(s'))]) (3·28)
We rewrite Eq. (3·28) with use of the fictitious fields as
I(!r-r'!, t)= fd 3 R fd 3 R'fds fds' \o(R-r(s))o(R'-r(s')) x [t(s)X(r-R)].[t(s')X(r'-R')]) !r-R!3!r'-R
where we have used the relations (3·3) and (3·4). Decoupling of ~(R) and o(u(R)) leads to
where the subscript a denotes the a-component of vectors, and summation over repeated indices is implied. The explicit form of fer, t) has been given by Eq. (A ·7). Note that fer, t) can be written as a scaling form only for U =0, so that we will treat this case hereafter. Introducing
gai!R-R'!, t)=<17 a u(R, t)17
we can find 
Here we use an approximation (exp(IX -X'12) -1)-1 ~ a(X -X'), which means that the two-point correlation of the strings is approximated to be a-correlated in the scaled length unit. As a result, we obtain
By changing the variables of integration to s=lxl, 7J=IX-xl (Fig. 4) , we can rewrite (3-35) as where
2S7J
The integration of Eq. (3-37) leads finally to $(x)~ 4; , where we note that a short cutoff parameter ~ does not appear. The approximation used in the above is valid for large x but not for x~O. In fact, $'(0) is found to be finite from Eq. (3 -34) . Since the correlation range of the strings is of order of unity, we cannot neglect the correlation of the strings for x::S 1. In this paper we have considered the ordering process of a quenched system with a complex order parameter based on the picture that the system orders through the disappearing process of the string defects. If the strings are initially convoluted and percolated, the ordering process satisfies a scaling law. In that case, the charac-teristic length shows a power-law behavior, which is the same as the N =1 and the large-N limit cases. This result suggests that the tl!2-growth law may hold for all nonconserved N-vector systems. The result for the correlation function of the gradient of phase implies that the correlation of the order parameter itself has a behavior different from other systems. For this point, however, further investigation is required.
In our study of string defects, we have not considered effects of the recombination of strings. By an energetical consideration, the recombination of strings may happen if the radii of curvature of strings are larger than the distance between the strings. The effect of a string with a higher order winding number and its branching has not been considered either. It is possible that these processes have some considerable effects on the ordering dynamics.
In closing we note that the method of fictitious field will be useful to investigate the statistical properties of extended objects such as defects. 
Now we evaluate her, t) defined by Eq. (3·20). We can rewrite her, t) as 
